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1. Introduction 

Let X be a compact Kahler manifold with zero first Chern class, and let L be an 
ample line bundle over X. The pair (X, L) is called a polarized Calabi-Yau manifold. 
By Yau's proof of the Calabi conjecture, we know such a manifold carries a unique 
Ricci flat metric compatable with the polarization (cf. |SZ|)- Thus, the moduli 
space of such Ricci flat Kahler metrics is the moduli space of complex structures of 
(X,L). 

By a theorem of Mumford, a Calabi-Yau moduli space (or any coarse moduli space 
of polarized Kahler manifolds) is a complex variety. By Tian PJ, locally, up to a 
finite cover, the moduli space is smooth. Now, in Riemannian geometry, there is a 
natural metric on any moduli space of metrics, the Weil-Petersson metric, obtained 
by restriction from the metric on the space of metrics. Quite a lot is known about 
the local structure of the WP metric on Calabi-Yau moduli space. But much less 
is known about its global properties. 

In this short paper, we study the integrals of the curvature invariants of the Weil- 
Petersson metric on a Calabi-Yau moduli space. In Theorem^l we prove that these 
quantities are all finite. In Theorem |S1 and in work to appear |7j, we prove that 
they are rational numbers. Now if the moduli space had been compact, then this 
would be expected by the theorem of Gauss-Bonnet-Chern. But Calabi-Yau moduli 
spaces are not compact, making this result nontrivial. 

Besides its mathematical interest, the geometry of Calabi-Yau moduli space is very 
interesting in string theory, and there are various physics arguments lEIDElElESl 
suggesting the finiteness of the volume and integrability of the curvature invariants 
of the Weil-Petersson metric. Recently Eguchi and Tachikawa have shown the 
finiteness of the curvature invariant of ^ near a large subclass of singularities 
of moduli space |14|. calling upon mathematical methods similar to those we use 
below. 
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Mathematically, this paper is a continuation of the previous works in |2()l 1221 1211 
1231 1241 [T^I16| . on the local and global geometry of the moduli space and the BCOV 
torsion of Calabi-Yau moduli. 

Before finishing this section, we write out explicitly the Calabi-Yau moduli of the 
most famous Calabi-Yau threefold: the quintic hypersurface in CP^. Let this be 

X^{Z\Z^ + --- + Zl + 5XZo • • • Z4 0} c CP^. 

It is a smooth hypersurface if A is not any of the fifth unit roots. To construct the 
moduli space, we define 

V — {f \ / is a homogeneous quintic polynomial of Zq, ■ ■ ■ , Z4}. 

one can verify that dim!/ — 126. Thus for any t £ P{V) — CP^^^, t is represented 
by a hypersurface. However, if two hypersurfaces differ by an element in Aut{C P^) , 
then they are considered the same. Let D be the divisor in CP^^^ characterizing 
the singular hypersurfaces in CP^. Then the moduli space of X is 

M = CP^^^\D/Aut{CP-^). 

The dimension of the moduli space is 101. But other than the dimension, we still 
know very little about this variety. 

The organization of the paper is as follows: in Section 2, we give some physics 
background of our problems; in Section 3, we define the Weil-Petersson metric; in 
Section 4, we present the main results of this paper; then we introduce the Hodge 
metrics in Section 5; in the last section, we prove the main results of this paper. 

Acknowledgement. The second author presented the main results of this paper 
in the 2005 RIMS Symposium on Analytic Geometry of the Bergman kernel and 
Related Topics. He thanks the orgainzers, especially Professor Ohsawa, for the 
hospitality during his visit of RIMS. 

2. Physics background 

In the original compactifications of hcterotic string theory 25' , as well as in many 
later constructions, the universe is a direct product of a Ad space-time and a tiny, 
compact Ricci flat six manifold M . Arguments from supersymmetry, as well as the 
fact that we know no other examples, suggest that AI is a Calabi-Yau manifold. 
While we do not know which M to choose, we do know how to go from geometric 
properties of M, together with certain auxiliary data, to statements about observ- 
able physics. Then, if a particular choice of M and the auxiliary data implies 
statements which are in conflict with observation, we know this choice is incorrect. 
At present it is an open problem to show that any specific choice or "vacuum" is 
consistent with current observations. Given that such choices exist, we would like 
to go on to show that the number of vacua is finite, and estimate their number. 

Suppose we assume a particular Calabi-Yau M ; then the fact that Ricci flat metrics 
on M come in moduli spaces leads to the existence of approximate solutions, in 
which the moduli of M are slowly varying in four-dimensional space-time. These 
lead almost inevitably to corrections to Newton's (and Einstein's) laws of gravity 
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which contradict observation, and thus we must somehow modify the construction 
by postulating additional background fields to remove these moduli. 

One way to do this is flux compactification, described in j2| and references there. 
This construction picks out special points in moduli space, the flux vacua, and thus 
part of counting vacua is to count these points. 

In their studies of type lib flux compactification, the first author and his col- 
laborators (cf. [Tl 1101 im 1121 lOj ) derived an asymptotic formula for the number 
of flux vacua, jlHI Theorem 1.8]. It is a product of a coefficient determined by 
topological data of M, with an integral of a curvature invariant derived from the 
Weil-Petersson metric over the moduli space. Thus, the finiteness of such integrals 
implies the finiteness of the number of flux vacua (up to certain caveats explained 
in |13p. which was a primary motivation for us to write this paper. 

We are also very interested to the duality between of the special Kahler mani- 
folds and the Calabi-Yau moduli. In the proof of the finiteness of the volume of 
Calabi-Yau moduli ,22, and in the proof of the incompleteness of special Kahler 
manifold |19j . we use the generalized maximal principal. It would be interesting to 
answer the following questions: Are the volume of projective special Kahler man- 
ifolds finite? Are the Calabi-Yau moduli always incomplete with respect to the 
Weil-Petersson metric? We hope that not only one can answer these questions but 
also we can find relations of these two problems. 



Let Ai be the moduli space of a polarized Calabi-Yau manifold of dimension n. 
Let C F" C C • • • C C = if be the Hodge bundles over M. Since 

each point of Ai is represented by a Calabi-Yau manifold, the rank of F" is 1. A 
natural Hermitian metric on F" is given by the second Hodge-Ricmann relation: 



where C is suitable constant and is a nonzero (n, 0) form of Xt,t € A4. By a 
theorem of Tian |31| . we know that the curvature of the above Hermitian metric is 
positive, and the Weil-Petersson metric is equal to the curvature of F". Thus we 
can define the Weil-Petersson metric whose Kahler form is the curvature form of 
the line bundle. Let the Kahler form of the Weil-Petersson metric be ujwp, then 
we have 



i^wp = —\/— 159 log / O A f2, 

JXt 

where is a local holomorphic section of the bundle F". 

The Weil-Petersson geometry is composed of the moduli space A4 , the Hodge bun- 
dles F'^ , k = 0, ■ ■ ■ ,n, and the Weil-Petersson metric llIwp- In order to understand 
the geometry of the moduli space, we need to study the curvature and the asymp- 
totic behavior of the Weil-Petersson metric. Let ( , ) be the quadratic form on H 
defined by the cup product. The quadratic form is nondegenerate but not positive 
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definite. Let 

be the orthogonal splitting with respect to the quadratic form ( , ). Let • • • , gf-) 
be a local holomorphic frame near a smooth point x oi Ai. Define V^ri to be the 
part of d^n = and S/jViVl to be the 7J«-2,2 p^^^.^ g^g^^ djV.n. 
Then we have the following result: 

Theorem 1. The curvature tensor R^jj^g of the Weil-Petersson metric is 

□ 



(1) Ra^jS - 9af39jS + 9aS9' 



F^^^F0Sn9"'^/{^,^Y 



If n = 3, then we have 

where {Fafi-y} is the Yukawa coupling, which is a holomorphic section of the bundle 
Sym®2 i^" (g) Sym®3T*7W, locally defined as 

Fapj = {p.,dadfid^^). 

So Q can be written as 



(2) Ral3-iS - 9a^9-fS + 9aS9^p " Fa^^Ffjf.nQ^'^ j (fi, fi)^. 

Remark 1. Formula (|2Jl was first given by Strominger |3L)| . /n f/ie general case, 
a Hodge theoretic proof of Theorem^ was given by Wang |35|. Schumacher's pa- 
per | 27| wzH /ead another proof using the method of Siu |28| . 



We know very little of the global behavior of the moduli space A4, except the 
following result of Viehweg [23 ■ 

Theorem 2 (Viehweg). A4 is quasi-projective. 

Remark 2. By the above theorem, after normalization and desingularization, there 
is a compact manifold A4 such that A4\A4 is a divisor of normal crossings. In fact, 
since in general M is a complex variety, we can redefine A4 to be the regular part 
of M. On such a setting, up to a finite cover, both M and M. are manifolds. 



For the extension of the Hodge bundles across the divisor at infinity, we have the 
following theorem of Schmid F2B^ or Steenbrink j29j : 

Theorem 3. Let X — s- A*" x (A*)^ be a family of polarized Calahi-Yau manifolds, 
where A and A* are the unit disk and the punctured unit disk, respectively. Suppose 
that all the monodromy operators are unipotent. Then there is a natural extension 
of the Hodge bundles to A' ^'*. 



By the following result on the Weil-Petersson metric, the extension of the bundles 
pn^pn-i ^jj^j g^yg information of the limiting behaviors of the Weil-Petersson 
metric at infinity. 

We need the following result of Tian in the rest of this paper: 
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Proposition 1. Let [g^p) he the metric matrix of the Weil-Petersson metric under 
the frame • • • , Then we have 



The proof is a straightforward computation and is omitted. 



□ 



4. The main results 



There are several previous results related to the main results of this paper. It was 
proved in |23[ Theorem 5.2] that the volume with respect to the Weil-Petersson 
metric and the Hodge metric is finite. In |24[ I32| . the rationality of the volume 
with respect to the Weil-Peterssoin metric was proved. Furthermore, in |53], it 
was proved that the integration of the n-th power of the Ricci curvature of the 
Weil-Petersson metric is a rational number. The main results of this paper are 
Theorem 0] and Theorem |31 The most general forms of these results will appear in 
our upcoming paper 1?^. 

Theorem 4. LetRyyp be the curvature tensor of uw p ■ Let R — Rwp'^^+^'^^wp- 
Let f be any invariant polynomial of R. Then we have 



The above theorem is equivalent to the following: let /i, • • • , be invariant poly- 
nomials of Rwp of degree ki, - ■ ■ ,ks, respectively. Then 



where m is the complex dimension of M . The result is a generalization of Theorem 
5.2 in 

Theorem 5. We assume that dim M ~ 2. Let R be the curvature operator of the 
Hodge bundle, and let f be an invariant polynomial with rational coefficients. Then 
we have 



If dimA^ = 1, or the rank of F'' is one, then the corresponding result follows 
from because the only Chern class will be the first Chern class. The case that 
A4 is of arbitrary dimension is treated in [7|. 






5. The Hodge metric 



The curvature properties of the Weil-Petersson metric are not good. For example, 
even in the case when the moduli space is of dimension 1, from ^ page 65], we 
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know that the sign of the Gauss curvature is not fixed. In 20 , the second author 
introduced another natural metric, caUed the Hodge metric, on M. We shaU see 
that the Hodge metric is the bridge between the curvature invariants and finiteness. 

The following definition of the Hodge metric is from |28l section 6] , which is slightly 
different from that in |2()j . 

Let M. be the moduli space of any polarized compact Kahler manifold (not neces- 
sarily Calabi-Yau). Let a:; G be a smooth point of M.. Assume that the period 
map p : M. ^ D \s an immersion near x. 

Let C F" C • • • C C = be the Hodge bundles and let 

be the Kodaira-Spencer isomorphism. Let ^ G TtA4. Then ^ defines a map 

e : H\Xt,et) X HP^'^ i7P-i.9+i. 

Let be the operator norm with respect to the metric on Hodge bundles H^''^ 

and ffP^i'^+i. Then we define 

p+q=n 

From the above definition, we get a Hermitian metric on the smooth part of the 
moduli space A4. Let ujh be the Kahler form of the metric. Then the properties 
of the Hodge metric can be summarized as follows 20 : 

Theorem 6. Using the above notations, we have 

(1) The Hodge metric is a Kahler metric; 

(2) The bisectional curvartures of the Hodge metric are nonpositive; 

(3) The holomorphic sectional curvatures of the Hodge metric are bounded from 
above by a negative constant; 

(4) The Ricci curvature of the Hodge metric is bounded above by a negative 
constant. 

Remark 3. If p is not an immersion, then using the same definition, we get a 
semi-positive pseudo metric and the form luh is also well defined. In fact, up to 
a constant, the Hodge metric is the pull-back of the invariant Hermitian metric of 
D, the classifying space. Such a metric is Kahler in the sense that diOH = 0. The 
pseudo metric is called a generalized Hodge metric in 

The Hodge metric and the Weil-Petesson metric on the moduli space of polarized 
Calabi-Yau manifolds are closely related. Let the dimension of the moduli space 
be m. Then we have the following 

Theorem 7. Using the above notations, we have 
(1) By Proposition^ we have 

2uiy/p < U}}j. 
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(2) // Ai is the moduli space of algebraic K3 surfaces, then 

(3) // M is the moduli space of a Calabi- Yau threefold, then we have |22) 

ljh = {m + 3)uJwp + Ric{ujwp)- 

(4) // A4 is the moduli space of a Calabi- Yau fourfold, then we have j28) 

ujh = 2(m + 2)luwp + 2Kic{ujwp)- 

(5) In general, the generalized Hodge metrics and the Weil-Petersson metric 
are related by the so-called BCOV torsion (cf. ^,^) in '15' ; 

^(-l)'^H' - log T = ^LOWP. 

— ' zvr 12 

where T is the BCOV torsion, ujfji is the generalized Hodge metric with 
respect to the variation of Hodge structures of weight i, and x is the Euler 
characteristic number of a generic fiber. 

In order to study the asymptotic behavior of the Hodge metrics, we quote the 
foUowing Schwarz lemma of Yau |36j : 

Theorem 8. Let M, N be Kdhler manifolds. Suppose that M is complete and the 
Ricci curvature of M is bounded from below. Suppose that the bisectional curvatures 
of N are nonpositive and the holomorphic sectional curvatures are bounded from 
above by a negative constant. Then there is a constant C , depending only on the 
dimensions of the two manifolds and the above curvature bounds, such that 

f*i(^N) < CUJM, 

where lomt^^n the Kdhler forms of manifold M and N , respectively. 

By Remark 13 the regular part of the complex variety Ai is quasi-projective. 
We construct a Kahler metric on a quasi-projective manifold, following Jost- 
Yau [TS|. Let f/ = (A*)'^ x A^ We define a Kahler metric on U by 

|z.P(l0g^)2 J 

Since A4 is quasi-projective, it can be covered by finitely many open sets of the 
form (A*)'' X A" (r is allowed to be zero). By Jost-Yau, we can glue the Kahler 
metrics of the above form and get a global Kahler metric ujp on Ai. The metric 
satisfies the following properties: 

(1) ujp is complete; 

(2) The Ricci curvature of cjp is bounded from below; 

(3) the volume of the metric ujp is finite. 

Unlike the Weil-Petersson metric or Hodge metric, wp is not intrinsically defined. 

If we let / in Theorem |S1 be the identity map from A4 to itself, then using the 
Schwarz lemma, we get the following 
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Lemma 1. Let ujh^'jJp he the two metrics on M.. Then there is a constant C such 
that 

L0}J < Cujp. 

□ 

We remark that by [151 Theorem A.l], even for the generahzed Hodge metric, 
the inequahty in Lemma ^ is still valid. In particular, this implies that the Hodge 
volumes and the Weil-Petersson volume are all finite on a Calabi-Yau moduli space. 

6. Proof of the results. 

Proof of Theorem 131 Let Cr{Ld\Yp) be the r-th elementary polynomial of the 
curvature matrix of the Weil-Petersson metric. We claim that 

(3) \Cr{l^WP)\ < Cujh- 

The above inequality means that for any wi , • • • , zv G TA4 , we have 

r 

\Cr{u;wp){vi, ■■■ ,Vr,Vi,--- ,Vr)\ < C \\_\\Vi\\^ 

i=l 

for some constant C > 0, where the norm of the right hand side is with respect to 
the metric ujh- 

To prove the claim, first we choose a normal coordinate system at x G A4 such that 

(4) g^.{x)^Sij, dgfj{x) = 0. 
Let 

^ = E ^Li^'^' ^ ' ^here R^^^ = g'^R^pu- 

kl 

Then the r-th Chern class is given by 

(5) Criuwp) = E A • • • A I^^^' , 

where S^. is the symmetric group of the set {1, 2, . . . , r}. 
We define 

7 

Then {h'^p) defines a Kahler metric w'. By |15[ Proposition 2.8] and Theorem ^ 
we have 

Oj' < UJh- 

Thus in order to prove the claim, we only need to prove that 
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Let Aij ~ ^^^^(ViVfcri, VjVfcil). Since the matrix (Aij) is Hermitian, after suitable 
unitary change of basis, we can assume 



Xj if i ~ j 
ift^j. 



Since {Aij{p)) is positive-semidefinite, A,; > 0, and we can write 

(6) h^^{p) = S,,il + X,). 

Clearly, we have 

(7) (1 + A, J • • • (1 + A,; J < dot /z' 

for any 1 < ii < 22 < • • ■ < < where deth' — det{h'^^). We assume that 

dtk 



Vi = then by Q, we have 



\CriuJwp){vi, ■■■ ,Vr,Vi,-- - ,Vr)\ < CMax|i?'\ ^TTT ' " 



For fixed k, I, by the Cauchy-Schwartz inequality, we have 



< 2+ ^hahf^<2^{l + X,){l + X,). 

So we get 



m 

< 2™ n (v/(i+^fe.)(i+^-(fe.)) 



a=l 



The claim follows from the above inequality and (Q. 
Let r-Q, • • • , rt > such that "^ri = m. Then using 0, 

\Cri{uJWp) A • • • A Crt{uJwp) A t^^Jyp | < C(det/i'). 

By Lemma n] the left hand side of the above equation is integrable. Theorem 0| 
follows from the above inequality. 

□ 

To prove Theorem |S1 we first observe the following: 

Let _E — > X be a holomorohic vector bundle over a compact manifold X . Let /iq, hi 
be two Hermitian metrics on the bundle. Let i?Oj Ri be the curvature tensors and 
let 9q,9i be the connection matrices. Let / be an invariant polynomial. Then we 
have 



Jx Jx 

In fact, 

k 

/ f{Ri,''',Ri)~ /(^o, • • • , ^0) = / f{Ri, ■ ■ ■ 1 Ri, Ri^Rq, Rq, ■ ■ ■ ,Ro)- 
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Since Ri — Rq ^ d{9i — 9o), we get 



f fiRi,--- ,Ri)- f /(i?o,--- ,i?o) 



Jx Jx 



= ^ / df{Ri, ■ ■ ■ , Ri,9i — 9, Rq, ■ ■ ■ , Rq) — 0. 



A similar method can be used in the non-compact cases. The only difference is that 
we need various estimates of the curvatures and the connections near the infinity. 

Proof of Theorem[SJ As discussed in Section 3, up to a finite cover, we can assume 
that both Ai and A4 are manifolds and D = A4\Ai is a divisor of normal crossings. 
Furthermore, by |24[ Lemma 4.1], we assume that the monodromy operators of the 
divisor D are all unipotent. Since dim = 2, if Dq denotes the smooth part of D, 
then the singular part D\Do are the set of finite points. Let _F = F*^ be a Hodge 
bundle and let F be the Schmid extension of the bundle across D. 



Let h be the Hcrmitian metric of F. Let J7 be a neighborhood of D such that 
Xi ^ U for any i. Let ei, • • • , be a local holomorphic frame. Let (e^, Cj) be the 
inner product induced from the metric h. Let (zi, Z2) be the local coordinates of U 
such that D nU = {zi = 0}. Then by the Nilpotent orbit theorem of Schmid, we 
can write 

Bi = exp(iVlog Z2), 1 < « < rankF. 

It follows that the determinant of the metric matrix (e^, Cj) can be expanded as 



where ••• are the lower order terms and 0(01,2:2) is a real analytic function of 
{zi,Z2). The zero set of 0(21,^2) is finite, and is independent to the choices of 
local frames. Let Xg+i,-' ^^t be such kind of zeros on D. Let Ui,--- ,Ut be 
neighborhoods of Xi{l < i < t). Assume that UiDUj = for i ^ j. These open sets 
are called the neighborhoods of the first kind. Let {Ui, ■ ■ ■ , Ut+ti} be a cover of D. 
The neighborhood Ui{t < i < t + ti) are called neighborhoods of the second kind. 
Let Ui be a neighborhood of the second kind and let (21,22) be the holomorphic 
coordinates. Let 9, R be the connection and the curvature matrices of the metric 
h. Let 

9 — 9idzi, R = Rfjdzi A dzj. 
Then there is a constant C > such that 



Let 



D\Da = {xu--- , 



Xs}- 



det(ej, ej) 



a(zi,Z2)(log— )" H , 



(8) 




C 



|i?12|,|i?2ll < 



c 



\R22\ < C. 




Let h' be a Hermitian metric on F and let 9' , R' be the corresponding connection 
and curvature matrices. We assume that on the neighborhoods of the first kind. 
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the metric is flat. That is, 9' and R' are identically zero on Ui{l < i < t). Let 
Ui, - ■ ■ , Ut+ti+t2 be a cover of M such that 

(1) Ui{l < i < t) are neighborhoods of the first kind; 

(2) Ui{t < i < t + ti) are neighborhoods of the second kind; 

(3) Dn{[jtl\V:+iU.) = t 

By |24[ Theorem 3.1], we know that for any e > 0, there is a cut-off function p — Ps 
such that 

(1) < pe < 1; _ 

(2) For any open neighborhood V oi D in Ai, there is e > such that supp(l — 
Pe) C V; 

(3) For each e > 0, there is a neighborhood Vi of D such that Pe\vi = 0; 

(4) Pe' > Pe for e' < e; 

(5) There is a constant C, independent of e such that 



'Cujp < ^/^ddpe < Cup, 



dp 



dzi 



< 



C 



n log : 



dp 



dz2 



< C. 



R-Ro^die-eo), 

dpAf{R,e-0a) 



M 



dpAfiRo,e~0o), 



M 



Since 
we have 

(9) / p{fiR,R)-f{Ro,Ro)) 

where / is an invariant quadratic polynomial. For e > small enough, On Ui{t 
ti < i < t + ti + t2), p= 1. So we have 



p(/(i?,i?)-/(i?o,i?o)) 

M 

t+ti 

dpAf{R,e~eo) 

Ui 



< 



E 



dpAf{Ro,e-eo) 



Ui 



We shall prove that the right hand side of the above goes to zero as £ — > 0. If 
Ui is a neighborhood of the second kind, then since 9o is bounded, by ((HJ and the 
definition of p, we know that 

\dp A f{R,e - eo)\ + \dp A fiRo,9 - 9o)\ < Z27^^7±^\'^^^ ^ ^ '^'^s A dza | , 



which is integrable. Thus we have 

dpAf{R,9-9o) 



lim 



dpAfiRo,9-9o) 

u. 



< C 



1 



{r({log—yy^\dzi A dzi A dz2 A dz2\ = 

SUpp ^1 



for i < i < i + ti. If [/; is a neighborhood of the first kind, then we have 

apA/(i?o,e-^?o) = 



Ui 
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because Rq = on Ui. On the other hand, we have 



dp/\fiR,e-eo)= / dpAfiR,e). 

From "S", Proposition 5.22], we know that there is a gauge transform e such that we 
have 

IMe)^i| < ^ 1 , 1^6)^21 < C- 



n log 77 



\Ad{e)Rn\ < 



ri 

\Ad{e)R,2\,\Ad{e)R,,\ < ^ 



{ri log-)2 



n log - 



\Ad{e)R2-2\ < C. 



Since / is an invariant polynomial, using the transform, we have 



dpAfiR,e) 



BpA fiAd{e)R,Ad{e)e) 



1 



<C / {ri{\og—Y)-'\dziAdziAdz2Adz2\^0. 

J supp Vp ^1 

Thus from (PJ, we proved that 

lim / p(/(i?,i?)-/(i?o,i?o)) = 0. 



By the Gauss-Bonnet-Chern theorem. 



/(i?o, Rq) 



M 



is an integer. Thus 
is also an integer. 



M 



□ 



Remark 4. Theorem [3| is a rationality result of the Hodge bundles. However, by 
Proposition^ the Weil- Peters son metric is the quotient of the Hermitian metrics 



on the Hodge bundles H 



n-l.l 



idH"'^, respectively. Thus the corresponding result 



for the Weil-Petersson metric is also valid. 
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